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Sec2l, An Dxample Oiven for Letermining Critical Dimensions in

last-Neutron lieactions

Lot us conslder a spliere consisting of matter in which a chain reaction

can be sustained without the partioipation of thermal neutrons, For sim-

pliocity's sake we shall assume that there is no insulation. Let ug deter-
The authers?d:
mine the oritical dimensiona of the sphere 1 We sliull follow here

AL
the exposition yiven by l, Peierls, in Proc Camb phil 35, 610, 1939, e —

The peculiar feature of the protlem under examination is that the
eritical dimensions may prove to be comparable to the longth of a neutron's
freec path, This is connected with two circumstances: first, during fast-
neutron reactions there is no need to dolay neutrons; secondly, in the case
considered thu magnification constant k may be much ;;:'eater than in tne
case of systems operating with slow neutron;rlfﬁggain The critical dime
ensions (linear), are inversely proportionn%:Zk - 1)%, according to a
formula derived in Seclion 23.& ‘

If the dimensions of the system are large in comparison with the free-
mean-path of neutrons, it is possible to employ a diifusion pictare to
describe a chain reaction. In this instance the density of neutrons will
satisfy a diffusion equation (see Section 23).

If the dimensions of the system are comparable to the free-mean-path
the diffusion theory is inapplicable, In this case it is necessary to pro-
ceed from an accurate kinematical equation,

To obtain semi-qualitative results we make the following simplifying
assumptions:

1, The mean-free-path of a neutron (allowing for the possibility of
fission, radiation capture and scattering) does not\depend on neutron energys

in other words the following quantity does not depend on energy
=N+ % +g3)

o are, respectively, cross sections of fission,

radiation capture and neutron scattering and N is the number of nuclei per

unit volume, -1-
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2, The following expression does not. depend on enerry
p= N@GE+YG)

where nu ! is thie number of neutrons originating in one flssion proccas of

the nuclevs,

3. All neutrons Lred have identical energles.

L. There is no non-elasiic scattering of neutrons.

5, The elastic scattering of neutrons ies epherically symmetrical.

In satisfying these hypothoses inatead of the diestribution function
dependent on botlh coordinales and noutron's velocity components we can
employ vhe ordinary density of neutrons to describe a neutron-field. We
shall denote this density at the point (x, ¥, z) at a moment of time U by
n(x, ¥y, 2, %)

The total number of scattered and bred secondary neutrons in an olement
of volume dx'dy'dz' at timo dt! obviously equalss

Bvn (x',j',i', ') dx'dy’da’
where v ie the velocity of the noutrons,

We shall now trace the motion of there neutrons,

At distance r from the point (x', ¥', z') thoir number decreases o &7
times. They will uniformly £411 a spherical layer of radius r and thickness
vedt'. The density of neutrons at point (x, ¥, 2) of the layer under con-

sideration at a moment of time t'=t — r/v will bes
ooy, —DU: A0 /
[2267 4—-@-ﬂr,n(x.j,a,t) e "dx'dy'de (a)
where ‘t"——-—'t - I'/V .
Integrating this expression with respect to (x', ¥', z'), we shall

obviously obtain the density at point (x, ¥y, 2z) at moment tj that is, the

expression n (X, ¥, 2 b)1

—-nr )
[27 n(x»a,t,t)=1&T‘;j”(><';g';?f’f—-5‘)e ']'—‘zd""{‘j"*' (24.2)

Lol HE 1‘ iux \: g f\\ﬁ.
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where integration is effected throughout the volume of the body.

We have obtainad on the above assumptione an intergal equation for the
density n of neutrons which replaces tie general kinetio equation, Lat us
study this equation.

We shall now look tor a solution of (24.1) in the formi

n(x,y,syt) = n(x.y.a)-ez‘t (2b.2)
obviously, values 2\ > 0 correspond to the development of a diain
reaction,
After substituting (2L4.2) in it, we obtain £2h.l) in the f'orm
-2
L2177 n(xy®) =%jno‘i"!c"’l)'e o £|_¥_'dr.‘j_;_£i!’ (2.3)

If the system has critical dimensions, then 2\=0. Determination
of the critical dimensions is thius reduced to the following mathematical
problem: It is required to prove under such conditions whether or not the
equation )

[y My ——“;?T_TJ nxy,e) e-er"d!'—-%ﬁ (2U.3")
has non-trivial solutions.

We shall examine the case where the multiplying system is in the shape
of a sphore and shall show that there is a non-trivial solution only for a
definite critical radius of the sphere.

' Let ue note that in finding the solution of equation (24.3') we like-
wise find the solution of the general equation (2L.3) simply by substituting
x—+2/V  for K.

We now Pormulate the conditions governing the behavior of e self-sustained
chain reaction, To to this, it is obviously necessary that the number of
bred new neutrons per unit length of the neutron's path should exceed the
number of absorbed neutrons. The former number equals N g}y and the latter ec\uals

which
Ng'c .y where g" 3 18 the cross-section of neutron abaorp‘oion,'\equala _z = _?;+ _o,‘_

-3
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Now, for a chain reaction we must have

Ngy > NG,

or (!—u)g} > 9 . (2h.k)

If alpha and bets, & and P_ » introduced above be employed, the condition

-

necestary for a chain reaction can be presented in the Lform
e
(2L.L1)

We ohall now examine two limiting cates when @—g (4 [3_ and E>>Q(.

1) if Q—D_&« @ , many collisrions will bLe required for a material in-
crease in tiu number of noutrons, llence, in this case a diffuaion con-
sidoralion of tho problem is poseillo (see the precediny paragraph).

In fulfilling the condition

p-a <@

the noutron density undergoes a slight chanie in distances of the order of
length of a (roe-mcan-path, 'Therefore the function n(x', y', z') in the
intepral (24.3') can Lo expanded into a power series in (x' - Xx),(y' - v),
(2! = 2z) and rotain terms no greater than the second order, Far from %he
boundary, tho firsteorder terms during integration with respect to dx'dy'dzs'.

becorma we
we—gol zero amLAarrive at the diffusion equation

, B Np =
=y 5%;.@”'*'<g |>n 0.

It is easy to feel convinced that the coefficients appearing before

(2k.5)

An and n in (2L.5) have the conventional form for a diffusion equation,
In fact, by multiplying equation (24.5) by v and employing the de-
finition of the quantities g and @ 'y we can write this equation in
-1 —
the form: %IZV&\’\-FV’EG (YQ-—\)Y]__O
[2287 (24.51)

where ,1 ig the mean-free-path of a neutroh with regard to both scattering

and capture; J; = (N a'; )'l is the path with regard to capture and 9:%‘-’- .
-c
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The quantity -le is the coefficient of neutron diffusion and
is the lifetime of a neutron relative to capture, The term (v/,[a)n givao
the number of nentrone absorbed per unit time in a unit volume, and (v/.!c)_yffl
ie the number of neutrons bred per unit time in unit volume,
For a solution of (2L.5) it is necessary to know the boundary condition
on Lhe euter surface of the multiplying system,
It can be demonstrated [ NOTL:  See L. Hopf, Cambr Tracts in Math and
Math iye. N=31 (193L), 5L, Kjuation 171._7 that for large eystems whoge
dimensions are considorabtly greater than the mecn-freo-path of a neutron,
tilo solution takes the form:

‘an =0

[ 7 (2L.6)

where x 1ig the direction of the external normal toward tie surface of the
body.
For large systems we have g—g ~ % , where, according to order of
magnitude, R characterizes the linear dimensions-oftthersystem. Hence the
ratio of the first term to the second in (2L.6), according to the order of
magnitude, equals J/RQ 1. Thus, in the first approximation the boundary
condition for large systems can be formuluted as a requirement that neutron
density must converge toward zero on the outer surface of a system:
n=0, (24.61)
Since, in the case of small multiplications examined by us, when
Q—Q(<< ﬁ, the dimensions of Lhe system are considerably greater than the
mean-free-path, we shall use condition (24.6') in the first approximation,
Let us revert to '2L.5) and find its solution for the case of a mult-
iplying sphere,
The spherically symmetrical solution of (2L.,5) has the form:
n(r) =conat.ﬂ:’7.l’£ (2L.7)

where r is the distance to the center of the sphere and
)
2 LN/ 12
[ 2307 = [ 34 (/——g-); . (a)

-5
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If we start from boundary condition (2L.6'), we shall find the oritical

Fradiue R, from the equation sin PR,=0; whence /NCTEi Neutron density is

" essentially Positive, Hence we must take

the emallest non=-zero root of
the equation sin x&=0,_71

, -4 ' 1 %
[207 n, =-‘F-,’- = -}[3(:-—-;‘;)] = "[7%%] —_ -r_r[;’lls.

| (2, 8)
where »é T' ] ['N(O' +7‘) ; ie the mean-f
— ——— -s Y c -

to ucnttoring and nbaorption J =/
} & @(

relutive to abaor;»ticn;ﬁ_ﬂ:g'/.a" »

ree~-path of a neutren relative
is the mean-{ree-path of a neutron

jJ D =-§-1V 1s the magnification constant
of neutrons; Te =:,€/v ie tie 1ife

timo of a noutron relative
k=Y is tne

to capture;
neutron multiplicalion conatant,

Since the condition 18 1 e 2/BK 1,

it follows from ( 24,8) that the
eritical radius is

&ppreciable greater than the free path J .
corroborated by Preceding statementa,

This is

It should be noted that formula (24.8) coincides with £

ormula (23,16)
for the critical dimensions of a cube if the length of neutron retardation

r, in the latter is assumed equal to zero and subtracted from the multiplier

'Y-B- connected with another Jeometrical problem, This results from the fact

that in both casces we utilized a diffusion viewpoint,

which holds good for
small multiplications,

The use of the exact boundary condition (24,6) leads to the fol

lowing
equation for the determination of the value RO:
ot p P = ) KRy
. L2307 PR cot pR, =1 0,7/ (24.9)

Denoting 1 em f(/ﬂ by E2 and disregarding any higher powers of Xi

E than the second power when the E 's are small, we shall obtain from (24.9)s

‘ [23L7 Ejf—i =‘{.;§.§ -+ o.-n%z E*= o055 F+ o.aag"".

(24.10)
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2) Now let us examine the other limiting case, namely that of large
miltiplications, when (3 &

let us note that this i& a f‘ieticlout and practically non-existent case,
since in order to satisfy the conditlon ﬁ» X A‘:: VY must be considerably
greater tnan unity, Nevertheless, it is interesting to examine this ocasge
because thereby we obtain oritical dimensions considerably smaller than the
moan={ree-path 2 .

niven the dependence of tho critical radius on the oftective crose-
sections in the two limiting cases Ro»ﬁ and Ho«ﬂ, one can find Ry
through interpolation in the intermediate region (Roﬁ,ﬁ) for which it is
diftficult to £ind a direct expression of the oritical dimensions.

In satiefying the condition @»5 we can disrogard the upono'nt of
tne factor e~ @R yhich forms part of integral equation (2L.1), since it
appears that the radius of the sphore in the case under consideration is
appreciably smaller than the mean={ree=path,

Thus, when [3 > O , we obtain from (2L.3') equation
[231_7 n(x, ¥, z)=‘%j‘ n(x'y, y', z!,)ﬁ‘i%iﬁ (2k4,11')
where r2=(x' . x)2 4 (y' - y)2+(z' - 2)2 .

We shall a:sume that the neutron density n depends only on the dis=
tance @ to the center of the sphere, Then it is sasy to carry out integra-
L .
tion by angles in (2L.11'). We obtain as a result:
R 4/ [
B( & ncpytmBErE 4o
231, n(p) = %- n(p? —5 (2l.12
L[] p=7) 2 "R e P )

where R is the radius of the sphere.

Introducing the function 1‘(?) = n(P) instead of n(P), and denoting
p/R by x, we can rewrite (2&.11) a8

[232] -— > $60 = J-&(x') dn j‘ﬂ"‘ +dx!

(2L.12)

-f(o)-_-—_ O .
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or as
NM=Lf, £(0)=0, 2l,12v)
where A = 2/@ R and L 15 the integral operator appearing ia (2L.12),
We have now obtained an intesral equation with a positive aymmetrical
kernel, 'The point which intorests us ie the greatest eigenvalue 2\0
for this equation,
For an approximte ex;ression for Z‘o we shall start from the follow-
ing property of the ireatest eipenvalue, Lot f(x) be some function which
does not admd.t. nepativa vulues and which is characterized Ly the property

tiat the m&oﬁ Lf/f is finilte. Now, if Lf/f is comprised between the

Lnite Ay and Ay
Ay <H/E< Dy hin +hese lim it
[sohere A <Ro< Ny, Wil Blse be Jound within dhese limits. |
then the greatest eigenvaluve W[ NOTE:s It is easy to prove this in
the following manner. If ¢°(x) is an eigenfunction of an operator L

corresponding to the larpest eigenvalue ﬁ\oz

L= A - P (x), I

then the integral !
[227 | j;jf(x) _C_Po(x) dx o
cannot be equal to zero since the inteprand function does not change its
sign, In fact, in accordance with the conditions, the function f£(x) only
assumes positive values and ?o(x) as an eigen:function corresponding to
the largest eigenvalue does not converge toward zero at any point and con-
sequently does not change its sign,

Let us expand the function f(x) into a series in eigenfunctions of the
operator L (expanded in tl;g order of decreasing eigenvalues):

[ 2337 f(x) = Cj 9} ™ .

III
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Because tie above equation (II) cannot equal zero, the coefficient Co

cannot equal zeros
¢, F0.

Applying n times Lhe operator L to both eides of mlequation, we obtaing

oy Cie= J;o 2y 500 (a)

oo N h
whence Ln‘f(")/z\: '_'.—_écj(?‘l) %(x)
L2337 (b)

As n tends toward infinity, all terms except the first on the ripght side

of the lattor evquation tond toward ero.

lionce ,L.nm Lnf(x)/z‘: — Co ?o(x)

n—> o0
L7 v
On the other hand the condition /_\. <L <./_§. 2 ©an be rewritten in the
form
Af <L <A
Applying k times the operator L to this inequality, we obtain
k
£\-_|ij< +15<AL5

From this follows

A< lf.ﬂj"/ ij" <D,y
and consequently ._/}.‘: < -/_}-k f / f < ._/—\:

In particular, we have: _+ 'f < _i AA- jc

From this and from (IV) it follows that

o (A )'F < G0 < irsa(@al2) T

these inequalities are possible only in case

A<N<A; QED

! ‘
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Whence it follows that if we succeed in selecting a function £(x) (which
does not admit negative values) such that ite magnitudes _1}_1 and AZ
differ only elightly from each other, we shall tiwreby find 7-!0 with a
great degree of accuracy,
We shall Lake as f(x) the function
£(X) == X == bx7, (2L.13)
where b is a constant properly selected.

It is ocasy to see that

[‘233-7 Lf—' (\_XZ)M na +x'—' {TF('-XI)%'.*)("'Z +'E} (a)

For b =0, Lf/f varies from 1 to 2; theue values are roached at the points
=0 and x=1,
Lot us select b in such a manner that, at the limits of the interval
(0, 1), the function £(x) will receive identical values; for this purpose
b must equal 0,639, 1If we assume function (2L.13) to have this value of
b, 1t turns out that |
AN = .55 and -AZ: .59 ,

Whence it follows that
A= \571=+0.02 .

Now, when ‘f} >> X, the critical radius R equals:
—_— |
° Ls71R 07883

We see that in the case of great multiplications, 35 X , the

R

critical dimensions prove to be less than the mean-free-path l - 1/p of

a neutron,

‘
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The critical dimensions for intermediate values of the ratio _E /%
can be found by interpolation; see Figure § which shows the dependence of I
. Y2

1/ _@_'R upon xi E =(1 = _O_l/ﬁ ).

- knd of Section 2l =
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